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Preface

Matroids are combinatorial objects capturing notions of independence in various mathe-
matical structures. There are different equivalent ways of defining matroids, for example
by their independent sets, bases, flats or rank functions. This thesis considers matroids
by their essential flats, i.e. flats whose complements are flats in the dual matroid as well.
They have been extensively studied in [1], where - amongst other insights - an axiom

scheme for essential flats and their ranks is given.

We are interested in essential flats because they yield new perspectives on the rank gen-
erating polynomial or equivalently the TUTTE polynomial, an important invariant with
applications in different branches of combinatorics like matroid and coding theory (c.f.
[2]). Formulas and interpretations for the rank generating polynomial using essential
flats can be found in [3] and [4]. Based upon [3], we explore how much information
about the essential flats is really necessary for the computation of the rank generating

polynomial.

We introduce the (essential flat) configuration of a matroid, which is the abstract
lattice of its essential flats enriched with their ranks and cardinalities, and present an
algorithm to compute the rank generating polynomial from it. Inspired by [5] we shrink
down the configuration of a matroid to a condensed (essential flat) configuration,
a statistic of the arrangement of the orbits of essential flats under its automorphism
group. Then we present a generalized version of the first algorithm which applies to
condensed configurations as well. It follows that matroids with identical (condensed)
configurations have the same rank generating polynomial. As an example we show how
this generalizes a similiar statement for perfect matroid designs given in [6]. The results
of this thesis can be used to construct large families of non-isomorphic matroids with
the same rank generating polynomial (c.f. different approaches in [7]). Likewise they
can be used computationally. The condensed configuration provides a good overview of
the matroid and it can be encoded in a -for highly symmetrical matroids really small-
integer matrix. For example the condensed configuration of the GOLAY code matroid

mostly fits in a 6 x 6 matrix.



This thesis comes with a GAP[8] implementation of the algorithms.

We proceed as follows. The first chapter introduces the basics of matroid and lattice
theory and results about essential flats from [1]. The second chapter contains the main
results of this thesis. First the interpretation of the rank generating polynomial by its
essential flats from [3] is recapitulated introducing the notion of the cloud and flock
polynomial. Using the GOLAY code matroid as an example we show how to find all
essential flats of a matroid by its rank generating polynomial. Then configurations,
the basic algorithm, condensed configurations and the generalized algorithm are finally
introduced and illustrated by examples. The last chapter is about further examples
and an implementation of the algorithms. We show how perfect matroid designs can be
transformed into condensed configurations, study root systems by their essential flats

and construct an interesting matroid closely related to the GOLAY code matroid.









Chapter 1

Matroids, lattices and essential
flats

In this chapter we introduce the basic facts about matroids, lattices and essential (cyclic,
isthmus-free) flats. If you are familiar with matroids and lattices you can skip right into

the third section about essential flats.

1.1 Matroids

We introduce the most important definitions based on [9].

Equivalent definitions

Definition 1.1 (Matroid). Let E be a finite set and Z a family of subsets of E. A
matroid M is a tuple (F,Z), fulfilling:

(I1) peZ.
(I2) If I €Z and J c I, then J € Z.
(13) If 11,12 € Z and |Il| = |IQ| + 1 then there is a x € Il - 12, s.t. IQ U {I’} eT.

The elements of Z(M) := T are called independent, the elements of Z(M ) dependent
and £(M) := E the ground set of M.

Example 1.1. 1.) Let A be a matriz over a field with columns ay,...,a,. Let E:=n
be the set of column indices and T consist of all subsets of E corresponding to linearly

independent columns. This defines a matroid M[A] := (E,I), called the vector matroid
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of A.
2.) Let r,n € Zso and r <n. Then U,, = (n,Pot(n)<,) is a matroid, called the uniform

matroid of rank r on n points.

Definition 1.2 (Rank function). Let M be a matroid. For X € E(M) let rj;(X) be the

maximal cardinality of all independent sets contained in X. Then
ry: Pot(E(M)) = Zso

is called the rank function of M.
Remark 1.3. The rank function rj; of a matroid M fulfills the following axioms:

(R1) For X, Y c E(M), rpr(XUY) <rpp(X)+rp (V) -1p(XNY), i.e rpy is @ submodular

function.
(R2) For X cY c&(M), rp(X) <rp(Y), i.e rps is a monotonic.

Moreover Z(M) ={I c E(M)|rp () = 1]}

A matroid can be defined by its rank function. If a function r : Pot(E) — Zyo fulfills
(R1) and (R2) for a finite set E, then setting Z := {I ¢ E(M)|r(I) = |I|} defines a
matroid M := (E,Z) with r =r),.

Definition 1.4 (Corank and nullity). Let M be a matroid. For a set X in M the
corank of X in M is rp/(M) —rp(X) and the nullity of X in M is | X|—rp(X).

Example 1.2. Let A be a matriz over a field F with columns ay,...,an, € F". Then
I“M[A](X) = dimF((ai |Z € X))

and the nullity of X in M is dimp(Ker((a;)icx)). So the rank coincides with the usual

notion of rank or dimension in vector spaces.

Definition 1.5 (Closure operator). Let M be a matroid. For X € £(M) we define
cly(X)={zeEM)|rpy(X u{z})=ry(X)}. Then clps: Pot(E(M)) - Pot(E(M)) is

called the closure operator of M.

Remark 1.6. The closure operator clys of a matroid M fulfills the following axioms:
(S1) For X cE(M), X cclpy(X).

(S2) For X c E(M), clp(X) = clpr(clpr(X)).

(S3) For X cY cE(M), clpy(X) cclp(Y).
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(S4) For z,ye E(M) and X c E(M)
zechy(Xu{y})-cy(X)=>yecy(Xu{z})-cpy(X).
Moreover Z(M) ={I c E(M)| clp(I —x) ¢ I for all x € I}.

Again a matroid can be defined by a function fulfilling (S1)-(S4).

Definition 1.7 (Flat). Let M be a matroid. X € £(M) is called a flat if X = cly/(X).
The family of flats of the matroid M is denoted by L(M).

Remark 1.8. The family of flats of a matroid M, L(M), fulfills the following axioms:
(F1) The ground set of M is a flat, E(M) e L(M).
(F2) For X,Y e L(M), XnY e L(M).

(F3) For X e L(M) the flats {Y '} covering X, i.e. X ¢ Y and there is no flat in between,
partition E(M) - X.

Moreover the closure of a set X in M is the smallest flat containing X.

A family of subsets of a finite set fulfilling (F1)-(F3) defines a matroid as well.

Definition 1.9 (Circuit). Let M be a matroid. A minimal dependent set in X in M is
called a circuit. The family of circuits in M is denoted by C(M).

Remark 1.10. The family of circuits of a matroid M, C(M), fulfills the following axioms:
(C1) No proper subset of a circuit is a circuit.
(C2) For Cy # Cy € C(M) and z € C1 n Cy, there is a circuit contained in C; u Cy — .

A set in M is independent iff it contains no circuit.

Matroid operations

Definition 1.11 (Restriction). Let M be a matroid and X a set in M. Then M|X :=
(X, Z(M)nX), where Z(M)nX = {InX |I e Z(M)}, is a matroid, called the restriction
of M to X.

Definition 1.12 (Contraction). Let M be a matroid and X a set in M and B be a
basis of M|X. Then M/X := (X,Z), where Z:={I[ cE(M)-X|IuBeZI(M)},is a
matroid, called the contraction of M by X.
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Definition 1.13 (Direct sum). Let M; and My be matroids. Then the direct sum of
M and My is the matroid My & My := (E(My) wE(Ms),T), where

I:= {Il UIQ|I]_ EI(Ml),IQ EI(MQ)}

Definition 1.14 (Loops and coloops). Let M be a matroid. An element x € E(M) is
called a loop if {z} is dependent in M and a coloop if z is contained in every basis of
M.

Remark 1.15. Let M be a matroid and X a set in M. Let Y be the set of loops M /X,
then clp/(X) =X uY. In particular X is a flat in M iff M /X contains no loops.

Definition 1.16 (Dual matroid). Let M be a matroid. Then M* := (£(M),T), where
Z:={Ic&(M)|I is contained a complement of a basis of M}, is called the dual ma-
troid of M.

Remark 1.17. Let M be a matroid, X a set in M and x € £E(M). Then
1. (M*)*=M,
2. M/X =(M*|(E(M)-X))* and

3. x is a loop in M iff x is a coloop in M*.

Matroid isomorphism

Definition 1.18. Let M; and Ms be matroids and ¢ : E(M;) - E(M3) a map. Then ¢

is called an matroid isomorphism if
1. ¢ is a bijection and
2. for X ¢ £(My), X is independent in M iff ¢(X) is independent in M.

M; and My are called isomorphic if there is a matroid isomorphism between them. This
yields the definition for automorphisms and the automorphism group Aut(M) of

a matroid M.

1.2 Lattices

A lattice is a partially ordered set, s.t. each two elements have an infimum and supre-
mum. Since the set of all (essential) flats of a matroid forms a lattice w.r.t. inclusion,

we introduce the basics of lattice theory in this section based on [10].



Lattices 5

Definitions

Definition 1.19 (Partially ordered sets and Lattices). 1.) Let L # @ be a set and

<rS L x L a relation. Then L is called a partially ordered set (w.r.t. <p) if
1. <7, is antisymmetric, i.e. = <y y and y <y, = implies x =y,
2. <y is transitive, i.e. <y y and y <y, z implies x <y, z, and
3. <y, is reflexive, i.e. x <y, x for all z € L.

2.) Let L be a partially ordered set w.r.t. <7 and X ¢ L. Then s € L is called a

supremum of X if
1. x<g s for all z € X and
2. x<p, s for all x € X implies s <, s'.

The infimum is defined analogously.
3.) A partially ordered set L is called a lattice if for any two elements z,y € L the
supremum, denoted by z v, ¢, and the infimum, denoted by x Ap, y, exist. vy and Ap,

are called join and meet of L respectively.

Equivalently a lattice can be defined by join and meet operators fulfilling (V1)-(V4) of

the following remark.

Remark 1.20. Let L be a lattice. Then v and Ay, fulfill the following axioms:
(V1) zvpy=yvpzand x ALy =y AL .

(V2) (xvpy)vpz=avy (yvrz) and (x Apy) AL z=x AL (Y AL 2).

(V3) zvpz=x and z Ap z = x.

(V4) (zvpy)apz=x and (x AL y)Vp z =x.

Furthermore x <p y iff v Ap y = x.

Definition 1.21 (Top and bottom). Let L be a finite lattice. Then L contains two

elements 0r, called bottom, and 1, called top, s.t.
07 < x<p1p, for all z € L.

Example 1.3. Let M be a matroid. Then L(M), the set of flats of M, forms a lattice

w.r.t. inclusion. Meet and join are given by

XV[:(M) Y ZCIM(XUY) and
XAaeonyY =XnY forall X,Y € L(M).

5
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Constructions

Definition 1.22. Let L be a lattice and = <y, y. Then [x,y]r:={z€ L|x <y 2 < y} is

called the interval of z and y and is a lattice as well.

Definition 1.23. Let L be a lattice. By setting = <p- y iff y <g z, L becomes a lattice
w.r.t. <gp+. This is called the dual lattice of L and is denoted by L*. The join operator

of L is the meet operator in L* and vice versa.

Homomorphisms

Definition 1.24. Let L; and Lo be lattices and ¢ : L1 - Ly a map. Then ¢ is called a

lattice homomorphism if

O(x ALy y) = ¢(x) AL, ¢(y) and ¢(x Vi, y) = ¢(x) Vi, ¢(y) for all z,y € Ly.

If ¢ is bijective it is called a lattice isomorphism.

Example 1.4. Let M be a matroid and X c'Y be flats in M. Then
6:[X,Y Loy » LMY X): 2> Z - X

is a lattice isomorphism. Notice that the dual of the lattice of flats of a matroid is not
generally isomorphic to the lattice of flats of the dual matroid. This problem is fized by

the notion of essential flats introduced in the next section.

1.3 Essential flats

We introduce essential flats and some of their properties. A flat X in a matroid M is
called essential (cyclic or isthmus-free) if M|X contains no coloops. Like the set of all
flats in a matroid M, the set of its essential flats, Z (M), forms a lattice w.r.t. inclusion
and behaves well under restriction and contraction. But it has the advantage that its
dual lattice is the lattice of essential flats of the dual matroid. Furthermore essential
flats and their ranks can be used to define a matroid. In [1] a list of axioms for a lattice
of subsets Z and a function r : Z — Zs( to be the lattice of essential flats of a matroid

M, st. r=rp |z, is given.

Definition 1.25 (Essential Flats). Let M be a matroid and X be a flat of M. We call
X an essential (cyclic, isthmus-free) flat, if M|X contains no coloops.

We denote the collection of essential flats of M by Z(M).
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Uniform matroids are distinguished by the triviality of their essential flats.

Example 1.5. Let r <n.
A subset X of Upp is a flat if |X| <r or X =n. In the first case Uy, |X = Uy x|

consists of coloops and in the latter U, ,, |X = U,,, has coloops iff r =n. So summarizing

{@,n}, ifr<n,
{o}, if r =n.

Z(Ur,n) =

Conversely a matroid M is uniform iff it only has trivial essential flats. To see this,
notice that the closure of a circuit is an essential flat. So if M has a non-trivial circuit

C, the closure of C' is a non-trivial essential flat.

Being an essential flat is a symmetric condition for a subset to be a flat and its comple-

ment to be a flat in the dual matroid as well.

Remark 1.26. Let M be a matroid and X ¢ £(M). Then t.f.s.a.e.:
1. X is an essential flat.
2. M/X contains no loops and M|X contains no coloops.
3. Xisaflatin M and E(M) - X is a flat in M*.
4. X is a flat and a union of circuits.
5. X is a flat and there is no e € X, s.t. rp(X —e) =rp(X) - 1.

It follows that Z(M*) ={E(M)-X|X € Z(M)}.

Each flat of a matroid contains a unique maximal essential flat which can be obtained

by removing the coloops of its restriction.

Definition 1.27 (Essentiality operator). Let M be a matroid.
Let X be a flat in M and ey, ..., es the coloops in M|X. We set

ep(X) =X -{e1,...,es}.

This defines a map
eps : {flats in M} — {ess. flats in M},

the essentiality operator of M.

The essential flats of a matroid form a lattice w.r.t. inclusion.
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Remark 1.28. Let M be a matroid. Then Z(M) is a lattice w.r.t. € and join and meet

are given by
1. X1 A Xy =epy(X1nXy) and
2. X1V Xs = clyr(X1 U Xo) for all Xy, Xs € Z(M).
Furthermore the lattice Z(M) is isomorphic to the dual lattice of Z(M™).
Proof. Observe that ey : L(M) - Z(M) is surjective and monotonic (w.r.t. €). Hence
Z(M) becomes a lattice and ey a lattice homomorphism (i.e. it respects join and meet).

The first two statements follow immediately by using join and meet in £(M). The last

statement concerning the dual matroid follows from Remark 1.26. O

The lattice of essential flats behaves well under restriction and contraction.

Remark 1.29. Let M be a matroid and L ¢ U essential flats in M. Then
6 [L,U] zary > Z(MU/L) : X o> X - L

is a lattice isomorphism.

Proof. One easily verifies that ¢ and
Z(M|U/L) - [L,U]E(M) X~ XuUlL

are well defined, monotonic and mutually inverse. O
The circuits, independent set, flats, etc. of a matroid can be recovered from its essential
flats and their ranks.
Lemma 1.30. Let M be a matroid. Then

1. I c&(M) is independent iff | X nI| <rp(X) for all X € Z(M),

2. Cc&(M) is a circuit iff C' is minimal with the property that there is an X € Z(M)
with C € X and |C| =1y (X) + 1 and

3. Y c&E(M) is a flat iff there is an X € Z(M) s.t. Y = X v C and there is no
X' eZ(M) and C'cC s.t. XuC' ¢ X" and rp(X') <ty (X) +[C7).

Proof. 1.) and 2.) C.f. [1].
3.) Think of X as ej(Y') and keep in mind that the closure of a circuit is an essential
flat. O
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Corollary 1.31. A matroid M is determined by Z(M) and rar|z(ar)-

We can also define a matroid by its essential flats and their ranks.

Theorem 1.32. Let E be a finite set, Z € Pot(E) and r: Z — L.
There is a matroid M with E(M)=FE, Z(M) =2 and vy |z =7 iff

(Z1) Z is a lattice w.r.t. inclusion,
(22) r(0z) =0,

(23) for all X,Y € Z with X ¢ Y
0<r(Y)-r(X)<|V]-|X]
(24) and for all X,Y € Z
r(X)+r(Y) 21 (X vY) +r(X AY)+|[(XnY) - (X AY)].

Proof. C.f. [1]. The basic idea is to define a set C according to Lemma 1.30 and to show
that C is the set of circuits of a matroid M. It then remains to show that Z(M) = Z

and 1|z =7. O

Example 1.6. We are now able to define a matroid by a lattice of subsets together with
ranks.

1.) Consider the lattice given by
{1,2,3,4,5,6},3

{1,2,3},2  {3,4,5},2

N S
,0

where we marked all sets with their rank. Its easy to see that axioms (Z1)-(Z4) are

fulfilled and the circuits and bases of the resulting matroid M are

C(M) = {{1,2,3},{3,4,5}} and
B(M) = Pot(6) - C(M).

2.) It is important that the lattice of essential flats is given by a concrete realization as
a lattice of subsets. Let r € Zso. Then the uniform matroids U, , are non-isomorphic
for all pw. distinct n > r, but their abstract lattice of essential flats together with their

ranks coincide (cf. Example 1.5).






Chapter 2

Essential flats and the rank

generating polynomial

2.1 Flocks, clouds and the rank generating polynomial.

The rank generating polynomial of a matroid M can be expressed in terms of its es-
sential flats (c.f [4] and [3]). All results of this thesis are based upon the cloud/flock

interpretation of [3], which we will recapitulate in this section.

Definition 2.1 (Rank generating polynomial). Let M be a matroid.
S(M;x,y) € Z[x,y], the rank generating polynomial of M, is defined by

S(M;x,y)= 3 M (M) =t (X) lel—rM(X)'
Xc&(M)
Remark 2.2. A perhaps more famous invariant, the TUTTE polynomial T(M;x,y)
of a matroid M, can be obtained from the rank generating polynomial by a simple
substitution
T(M;x,y)=S(M;xz-1,y-1).

Example 2.1. We will often represent the rank generating polynomial S(M;x,y) =
i @ij x' v/ of a matroid M by its coefficient matric (aij)ij- Let r <n. Consider Uy,

the uniform matroid of rank r and cardinality n. Its rank generating polynomial is

’I’L) r—i (n) i—r
X)X )y
Osi<7‘(l r<i<n VU
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which yields the coefficient matriz:

To interpret the rank generating polynomial of a matroid M in terms of its essential
flats we sort the subsets of £(M) by

Pot(E(M)) —2 £(M) —2M z(M)

where L£(M) is the set of flats and Z(M) the set of the essential flats of M. This yields

Pot(£(M)) = . gf{M)dX}(eX}({X}))-

The basic idea is to group together the summands of the rank generating polynomial

according to this. We define

Definition 2.3 (Flock and cloud). Let M be a Matroid.
1. For an essential flat X in M we call e;}(X) the cloud of X in M.

2. For a flat X in M we call cl;}(X) the flock of X in M.

and counting polynomials for clouds and flocks

Definition 2.4 (Cloud and flock polynomial). Let M be a matroid.

1. Let X be an essential flat in M. Then c(M, X;x) € Z[x], the cloud polynomial
of X in M is
o(M,X;x) = Z M (M)-rar (V)
Yee 1 (X)
2. Let X be a flat in M. Then (M, X;y) € Z[y], the flock polynomial of X in M
is
F(M, X;y)=S(M;0,y) = ), yuC),
Yeclp}(X)
Example 2.2. Let r <n. Then the cloud of @ in U, is Poto,(n) = {X cn||X|<r},
the flock of n is Pots.(n), the flock of @ is {@} and the cloud of n is {n} . Summarizing

C(Ur,na ®§X) = 20£i<r (7) X" f(UT,na ; Y) =1
f(Ur,naﬂ;Y) = erisn (T;) yi—r C(UT’JUQ; X) =1

12
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We are now able to state the cloud and flock formula for the rank generating polynomial.

Theorem 2.5. Let M be a matroid. Then

S(M;x,y)= Y, f(M,X;y)c(M, X;x).
XeZ(M)

For the proof we notice that the flock polynomials of flats in one cloud coincide.

Lemma 2.6. Let M be a matroid, X be an essential flat, Y be in the cloud of X and
€1,...,6s (pairwise distinct) be the coloops in M|Y. Then

Ay (V) > ciH(X): Z - Z—{ei,... e}

s a bijection and
f(M,Y3y) = (M, X;y).

Proof. The first statement is trivial. For the second one notice that for Z the flock of Y

|Z|-tm(Z) = |Z —{e1,...,es} —tpm(Z = {e1,...,es})

Proof of Theorem 2.5. The partition of £(M) yields

S(M;x,y) = Z Z Z y|Z|_r1LI(Z) M (M)-ta(2)
XeZ(M)Yeer (X) Zecl;1(Y)

For all Z e clyr(Y), rpr(Z) = 1p(Y), hence

_ Z Z " (M) =rpr (V) Z y|Z|_T1\/I(Z)
XeZ(M) Yeer} (X) Zecl(Y)

LYY O vy,
XeZ(M)Yeer}(X)

Now Lemma 2.6 yields

LYY e xoy)
XeZ(M)Yeer (X)

= > (M, X;y)ce(M, X;x).
XeZ(M)

13
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Example 2.3. Let r <n. In the light of Theorem 2.5 we can interpret the rank generat-
ing polynomial of U, ,, in terms of clouds and flocks. Remember that the essential flats

of Upp are @ and n (Example 1.5). Hence

S(Ur,ni X,y) = f(Ur,m @;y) C(Ur,na ;x) + f(Ur,naQS y) C(Ur,naﬂ; X)

0 5 0

o<i<r \ r<i<n

In the next section we will discuss some more involved examples. An important property
of clouds, flocks and their polynomials is that they only depend on the contraction, resp.

restriction of the matroid by the considered set.
Lemma 2.7. Let M be a Matroid and X an essential flat.

1. The cloud of X in M and the cloud of @ in M|X are in bijection
en({X}) »eyx({2)) Y » YV - X
and the cloud polynomials coincide

c(M,X;x)=c(M]|X,5;x).
2. The flock of X in M and the flock of X in M|X are the same

e ({X)) = eph (X))
and the flock polynomials coincide

f(M, X;y) =f(M|X, X;y).

2.2 Using the rank generating polynomial to find all es-

sential flats

In this section we formulate an algorithm briefly addressed in [3] to find all essential
flats in a matroid M using its rank generating polynomial. An easy way to find essential
flats is to take a random subset X ¢ £(M) and calculate eps(clpys(X)). Theorem 2.5
can be used as a break condition for this probabilistic approach. We just continuously
subtract the share of newly found essential flats on the rank generating polynomial until
it disappears. The random search will be structured by the extreme exponents of the

rank generating polynomial.

14



Using the rank generating polynomial to find all essential flats 15

Definition 2.8. Let f =3, ; a; jX'Y7 € Z[x,y]. We call the exponent (i,5) extreme if

a;; >0, a5 =0 and a; j4; =0 for all k> 1.

Lemma 2.9. Let M be a matroid and S(M;x,y) = ¥, ai j X'Y7. If (i,7) is extreme in
S(M;x,y) then there are exactly a;; essential flats of corank i and nullity j in M.

Proof. The coefficient a; ; is the number of subsets of M with corank 7 and nullity j.
Now let X be such a subset.

Assume X ¢ clp/(X). Then cly(X) has the same corank but greater nullity then X.
Hence a; j. > 0 for k =|clyr(X) — X| which is a contradiction. So X is a flat.
Analogously assume epr(X) ¢ X. Then eps(X) has the same nullity but greater corank
than X. Hence a1 ; > 0 for k = |X —ep(X)| which is a contradiction. So X is an

essential flat. O

We first illustrate the algorithm by an example.

Example 2.4 (GOLAY code). Consider the matriz

1 1 1 111 11

1 11111 1 1
1 11 1 1 1 11

1 11 1 1 11
1 11 11 - 11 1

A= 1 11 11 1 -1 c F%ZX%L.
1 11 11 11
1 1 11 1111
1 1 11 1111

1 1 11 1111
1 1 - 111 11 1
1 1 111 111

Then the row space of A is the extended binary GOLAY code and the columns of A form
the GOLAY code matroid M = M[A]. Its automorphism group is the MATHIEU group

Moy and generated by

g1 :=(1,22,8,19,21,12,6,13,5,10,3,23)(2,11,20,4,9, 15,16, 18,14,17,24,7) and
g2 :=(1,10,22,18,4,2,20)(3,9,15,7,21,19,17, 24,5, 6,8, 16,23,12) (13, 14).

15



16 Essential flats and the rank generating polynomial

The coefficient matriz of the rank generating polynomial is

1391040 2071104 1870176 1295360 734712 346104 (26?) -1
2071104 1277696 425040 91080 12144 759
1870176 425040 35420
1295360 91080
734712 12144
346104 759

(5

We marked the coefficients corresponding to the extreme exponents, namely (12,0),(5,1),
(2,2), (1,5) and (0,12), in bold. The corresponding essential flats are all conjugated

under the automorphism group and representatives for the five orbits are given by

=0

Ry :={1,2,3,5,6,10,19,20}
Rs:={1,2,3,4,5,6,7,8,9,10,19,20}
Ry:=1{1,2,3,4,5,6,7,8,9,10,11,13,15,19,20,21}
R5:=24

We calculate cloud and flock polynomials of R, ..., R4 and see that

4
S(M;x,y) - Z |May.Ri|c(M, Ri;x) (M, R;;y).
=2

has the new extreme exponent (1,1) with coefficient 2576. Corresponding to this coeffi-
cient we find another orbit of length 2576 with representative

Ry :={1,3,4,5,6,7,8,12,13,14,17,23}.
Now the only extreme coefficients left in

4
S(M;x,y) = Y |Maa. Ryl ¢(M, Ry;x) £(M, Risy) — |Maa. RS| (M, Ri;x) (M, Ri;y)
i=2

are (12,0) and (0,12) corresponding to @ and 24. So we know that

5
Z(M) = t"J M24.RZ' W M24.RZ
i=1

16



Using the rank generating polynomial to find all essential flats 17

and we found all essential flats in M.

Let P := {R1,R2, R3, R}, R4, Rs}. For an overview of the lattice Z(M) we calculate
w(R,S) :={R < X|X € My.S}|, the number of times R appears as a subset in the orbit
of S for R,S € B. Then

1 759 35420 2576 759 1
0 1 140 0 30 1
0 0 1 0 3 1
w R,S = )
(Wl SDrser=f Lo g
0 0 0 0 1 1
0 0 0 0 0 1

(IR|) e = (0,8,12,12,16,24) and
(rM(R))REP = (07 77 107 117 117 12)

In the next sections we will see how conversely the rank generating polynomial of M can

be computed from the matriz (w(R,S))r,sep and the ranks an cardinalities of the R € P.

To proceed we first need algorithms to compute rank generating, cloud and flock poly-
nomials. The standard recursive deletion/contraction algorithm for the rank generating

polynomial is derived from the following theorem.

Theorem 2.10 (Deletion/contraction formula). Let M be a matroid, e € E(M) a point
in M, ri:=1-rp({e}) and ro :=1rp;(E(M)) —rp(E(M) —€). Then

S(M;x,y) =y S(M|E(M) - e;x,y) +x?S(M/e;x,y).

There are many optimized implementations of this algorithm which is inherently expo-
nential in the size of the ground set of the matroid; for example in the GAP[8] package
alcove. It immediately yields an algorithm for the flock polynomial since for an essential

flat X in a matroid M
f(M, X;y) = f(M|X, X;y) = S(M|X;0,y)

(c.f. Lemma 2.7). The cloud polynomial of an essential flat X cannot be obtained from
the rank generating polynomial by a substitution. Instead we just compute the whole
cloud of X by successively adding points to X and checking if the resulting set is still a
flat. Summarized we get the algorithm:

EssentialFlats:

Input: A matroid M on n points of rank r without loops an coloops (optional: G <
Aut(M)).
17



18 Essential flats and the rank generating polynomial

Output: Z(M), the essential flats of M.

Algorithm:

1.) Calculate S := S(M;x,y), set Z :=@.

2.) Set C := {extreme coefficients in S}.

3.) If C={(r,0),(0,n)} return Zu{@,E(M)}.

4.) Search for an essential flat X ¢ Z corresponding to an exponent in C—{(r,0), (0,n)}.
5.) Set S:=5-|G.X|c(M, X;x)f(M,X;y) and Z:=ZuG.X.

6.) Goto 2.)

Notice that the algorithm avoids the computation of the cloud and flock polynomial for
the empty set and the ground set of the matroid M, since their computations are the

most expensive and can be evaded.

2.3 Essential flat configurations

In the last sections we interpreted the rank generating polynomial of a matroid in terms
of its essential flats. We will use this perspective to show that the rank generating
polynomial of a matroid only depends on a statistic on the abstract lattice of its essential
flats. This approach yields a new algorithm for the computation of the rank generating
polynomial. We will first give a basic version of our results. We introduce the (essential
flat) configuration of matroid, i.e. the abstract lattice of its essential flats together with
their ranks and cardinalities, and show how to compute the rank generating polynomial
from it. Then we will, for highly symmetrical matroids dramatically, shrink down the
information needed by the first basic algorithm. We introduce the condensed (essential
flat) configuration of matroid, our statistic of orbits of its essential flats, and present
the final algorithm, which will show that the rank generating polynomial of matroid only
depends from this condensed information. An implementation of this algorithm can be

found in the last chapter of this thesis.

2.3.1 The essential flat configuration

The essential flats of a matroid form a lattice under inclusion and together with their
ranks determine the matroid. Forgetting the realization of this lattice as an lattice of
subsets and only considering the abstract lattice of essential flats together with their

cardinalities and ranks affords the essential flat configuration.

Definition 2.11. An (essential flat) configuration Z = (L,n,r) is a lattice L together
with

18



Essential flat configurations 19

1. n: L - Zso monotonic, the cardinality function, and
2. r: L - Z5o monotonic, the rank function.

Let M be a matroid without loops and coloops. We call Z = (L,n,r) the (essential flat)
configuration of M, if there is a lattice isomorphism ¢ : Z(M) — L, s.t.

1. rp(X) =7r(¢(X)) and

2. |X| = n(s(X)) for all X e Z(M).

Notice that we only define configurations for matroids without loops and coloops. This

will be more convenient in some proofs and is not a real restriction.

Example 2.5. 1.) We represent a configuration Z = (L,n,r) by the Hasse diagram of
L and labels (n(X),r(X)) for the rank and cardinality of the X € L. The configuration

of a uniform matroid U, , for r <n is given by

(n,7)
|

(0,0)

Notice that U, is the only matroid with this particular configuration (c.f. Example 1.5).
Generally there a large families of non-isomorphic matroids with the same configuration:

2.) We define two matroids by their essential flats with their ranks

{1,2,3,4,5,6},3 {1,2,3,4,5,6},3

7N\ 7N\

{1,2,3},2 {4,5,6},2 {1,2,3},2 {3,4,5},2

2,0 2,0

They are clearly non-isomorphic and have the same configuration

(6,3)

(3,2) (3,2)

N/

(0,0)

In this case the configuration ”cannot see” the cardinality of the intersection of the two

non-trivial essential flats.

19



20 Essential flats and the rank generating polynomial

By abuse of notation we introduce the notion of an interval for configurations.

Definition 2.12. Let Z = (L,n,r) be a configuration X,Y € L with X <7 Y. Then we
define the configuration [X,Y ]z := ([X,Y]r,n',r"), where

1. n'(Z) =n(Z) -n(X) and

2. r'(Z):=r(Z)-r(X) for all Z ¢ L.

Essential flat configurations are compatible with restriction and contraction by essential

flats.

Lemma 2.13. Let M be a matroid with configuration Z w.r.t. the lattice isomorphism ¢
and X €Y be essential flats in M. Then [¢(X),d(Y)]z is the configuration of M|Y | X .

2.3.2 From a configuration to the rank generating polynomial

We are now able to state our first main theorem.

Theorem 2.14. The rank generating polynomial of a matroid is already determined by

its essential flat configuration.

We prove this by introducing an algorithm, which recursively computes the cloud and
flock polynomials of all essential flats of a matroid using only its essential flat configu-
ration. This actually proves a stronger statement, since the cloud and flock polynomials
contain more information than the rank generating polynomial taken by itself. The al-
gorithm is based on the following idea. Both cloud and flock polynomial of the empty
set and the ground set of a matroid are already determined by the cloud and flock poly-
nomials of all remaining essential flats. These polynomials only depend on a proper
interval in the configuration and can hence be computed recursively. This is illustrated

in the next example.

Example 2.6. We continue with example 2.5.

1.) For r <n a matroid M with the configuration

(n,7)
|

(0,0)

is isomorphic to U,.,,. Hence (c.f. Example 2.2)

C(Ma an) = ZOS’K?‘ (ZL) Xr_i f(Mv ®7Y) =1
f(M7g(M)7Y) = Z’/‘Siﬁn (T;) yFT C(M75(M);X) =1
20



Essential flat configurations 21

2.) Now lets consider a matroid M with configuration
(6,3)
(3,2) (3,2)

(0,0)

Denote the essential flats of M corresponding to (3,2) by Xy and X5. By Lemma 2.13
the configurations of M| X;, resp. M|X; are

(3,1) (3,2)

(0,0) and (0,0) .

Hence using Lemma 2.7 and 1.)

c(M,X;;x) =c(M/X;,@;x) =x and
(M, X5;y) = f(M|X;, Xi5y) =3+3y+y>.
Since c(M,E(M);x) =f(M,3;y) = 1 the rank generating polynomial of M s
S(M;x,y)= Y, f(M,X;y)c(M,X;x)
XeZ(M)

= 2x(3+3y+y2) +o(M,z;x) + (M, E(M);y)

and its coefficient matriz looks like

*+6 6 2

To fill in the gaps we use the identity

S(M;X,X_l)Z Z M (M) =1 (X) o =(1X[-ra (X))
Xc&E(M)
_ Z M (M)-[X]
XcE(M)

50
0<i<6 \t

21



22 Essential flats and the rank generating polynomial

which means that the sum over the i-th diagonal (starting with i =0 and counting from
bottom to top) in the coefficient matriz of S(M;x,y) equals (?) Hence the rank gener-
ating polynomial of M is given by

14 13 6 1
9+6 6 2

Apparently M is not a direct sum of coloops, so ¢(M,2;x) has no constant term and

hence
c(M,2;x) = 1x> +6x* +9x and

f(M,E(M);y) =14 +13y+6y2 +y3.

The following definition and lemma provide necessary tools for our algorithm.

Definition 2.15. We define Z-linear maps

dy 1 Z[x,y] = Z[x], f = Y a;x', for f(x,x ') =Y a;x" and

1< 7
dy : Z[x,y] > Z[y], f = D biy’, for f(y',y) =D by’
0<7 )

and for r < n a notation for the cloud and flock polynomials of the uniform matroid U,.,;:

Cun’T(X) = dX(S(UT,n; X, y)) = C(UT,TM ®7 X) = Z (n) XT_i and

O<i<r \?

fun,r(Y) = dy(S(Ur,n§X7Y)) = f(Ur,naﬂ;Y) = Z (n) yFT .

r<i<n

and forr=k=0
cug,0(x) = fugo(y) = 1.

Lemma 2.16. Let M be a matroid of rank r on m points without loops and coloops.
Then

1. S(M5Xa Xfl) = Yo<i<n (7;) Xriia
2. dx(S(M;x,y)) = cup (%),
3. dy(S(M;x,y)) =fup,(v),

4. c(M,E(M);x) =f(M,2;y) =1,
22



Essential flat configurations 23

5. dg(c(M,2;x)) = c(M,2;x) and
dY(C(Ma@;X)) = 07

6. dx(f(M,E(M);y)) =0 and
dy(f(M, E(M);y)) = £(M, Esy).

Proof. 1.) follows by substituting y by x~! in the definition of the rank generating
polynomial (c.f. Example 2.6 2.)).

2.) and 3.) follow from 1.) by the definition of dy, dy, cu, (x) and fu, ,(y).

4.) We have e;}(E(M)) = {£(M)} and cly; (@) = {@}.

5.) Since M does not consist of coloops there is no set of rank r in the cloud of @. Hence

c(M, @;x) € Z[x] has no constant term and by the definition of dy and dy

dx(c(M, ;%)) = (M, ;%) and
dy(c(M,2;x)) = 0.

6.) Clear since f(M,E(M);y) € Z[y]. O
Together those identities yield the following important corollary, which is crucial for our
algorithms.

Corollary 2.17. Let M be a matroid of rank r on n points without loops and coloops.
Then

c(M,2;x) = cupr(x) - dx[; c(M/X, ;%) f(M|X,X;y)] and

f(M,E;y) = fun,(y) —dy[;C(M/X,Q;X)f(MleX;y)],

where X ranges over Z(M) -{@,E}.

Proof. By applying 2.) of Lemma 2.16 to the formula for the rank generating polynomial

from Theorem 2.5 we have

cp(x) = de(S(M;x,y)) = d[ D e(M/X,2;x) {(M|X, X;y)].
XeZ(M)

Solving this equation for c¢(M, @;x) by using the Z-linearity of dy and 4.)-6.) of Lemma

2.16 yields the first statement. The second one follows analogously. O

We are finally able to state the algorithms for the computation of cloud, flock and rank

generating polynomials by the essential flat configuration:

23



24 Essential flats and the rank generating polynomial

cloud:

Input: An essential flat configuration Z = (L,n,r) of a Matroid M.

Output: ¢(M,7;x).

Algorithm:

1.) Calculate S:= Y x cloud([X,11]z)flock([0r, X ]z), where X ¢ L -{0r,1.}.
2.) Return cuy (i, r(1,)(x) = dx(S).

flock:

Input: An essential flat configuration Z = (L,n,r) of a Matroid M.

Output: f(M,E(M);y).

Algorithm:

1.) Calculate S:=Y y cloud([X,1]z)flock([0r, X ]|z), where X € L—{0r,11}.
2.) Return fug, 1,y ,¢1,)(y) - dy(S)-

and

RankGeneratingPolynomial:

Input: An essential flat configuration Z = (L,n,r) of a Matroid M.
Output: S(M;x,y), the rank generating polynomial of M.
Algorithm:

Return Y x cloud([X,1]z)flock([0r, X ]z), where X € L.

Since the height of the lattices of the configurations decrease in every recursion step
of cloud and flock, the algorithms terminate and their correctness follows from Corol-

lary 2.17 and Lemma 2.13.

2.4 The condensed essential flat configuration

2.4.1 The condensed essential flat configuration

Symmetries in the lattice of essential flats of a matroid can be used to dramatically shrink
down the information necessary for the computation of the rank generating polynomial.
Think of the GOLAY code matroid, which has about 35,000 essential flats grouping
together to just 6 orbits under its automorphism group, the MATHIEU group May (c.f.
Example 2.4). Now in a condensed essential flat configuration we will just store the
cardinalities and ranks of an element of each orbit and how often an element of one orbit
appears as subset in the other orbits. For the GOLAY code matroid this information fits
in two small lists for the cardinalities and ranks and one 6 x 6 matrix. But still the rank

generating polynomial can be recovered.

First we want to generalize the notion of orbits.

24



The condensed essential flat configuration 25

Definition 2.18. Let M be a matroid. We call a partition P of the lattice of essential
flats of M, Z(M), a condensation if for all B,C € P

1. rank and cardinality are constant on B and

2. {Y eC|X cY}|is equal for all X € B.
For a condensation P and B,C € P we set

1. wp(B,C):={Y eC|XcY}|, X eB, and

2. B<pC:=w(B,C)>0.
This is well-defined and P becomes a lattice w.r.t. <p.
Example 2.7. Let M be a matroid and G < Aut(M) be a subgroup of its automorphism
group. Then the G-orbits of Z(M) are a condensation of Z(M).
A condensation now yields a condensed essential flat configuration by forgetting its
concrete realization as a partition of a set.

Definition 2.19. A condensed (essential flat) configuration Z = (L,n,r,w) is a

lattice L together with
1. n: L - Zso monotonic, the cardinality function,
2. r: L - Zso monotonic, the rank function and

3. w: L x L — Zsg, the weight function, with
0<w(A,B) iff A<y B, for all A,BelL.

Let M be a matroid without loops and coloops. Z = (L,n,r,w) is a condensed (essen-
tial flat) configuration of M, if there is a condensation P of Z(M) with a bijection
¢:P— L, st forall B,CeP

1 |X|= n(é(B)), X € B,
2. (X)) =7r(¢(B)), X € B, and
Example 2.8. 1.) Recall Example 2.5. Let M be a matroid with configuration
(6,3)
(3,2) (3,2)
N
(0,0)

25



26 Essential flats and the rank generating polynomial

and denote the two essential flats corresponding to (3,2) by X1 and Xo. Then
P={{z},{X1, Xa}, {E(M)}}
is a condensation of M. (P,<p) has the Hasse diagram

{E(M)}

{X1, X2}

|
{2}

and wp is given by the matrix

{o} {X1, X2} {&E(M)}

() 1 2 1
(wp(B,C))B,cer = {X1, X2} | 0 1 1 ,
eony \ o 0 1

which can be thought of as a generalized adjacency matrixz of P w.r.t <p since replacing
all non-zero entries with one yields the actual adjacency matrix.
The corresponding condensed configuration now can be represented by (|[Rp|)pep = (0,3,6),

(rm(RB))Ber = (0,2,3) and (wp(B,C))B,cep, where Rp € B are representatives.

2.) Let M be the GOLAY code matroid. In Example 2.4 we saw that Aut(M) = May acts
transitively on the essential flats of M of given rank and has 6 orbits altogether. The

condensed configuration (L,n,r,w) is given by

1 759 35420 2576 759 1
0 1 140 0 30 1
o0 1 0 3 1
w B,C = )
B Opce=f, o 10 1
o0 o 0 1 1
o0 0 0 0 1

(n(B)) . = (0,8,12,12,16,24) and
(r(B))p.z = (0,7,10,11,11,12).
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The condensed essential flat configuration 27

2.4.2 From a condensed configuration to the rank generating polyno-

mial

Now to the second main theorem:

Theorem 2.20. A condensed essential flat configuration of a matroid determines its

rank generating polynomial.

We proceed similar to the prove for Theorem 2.14, namely by stating an algorithm which
computes the rank generating polynomial using just a condensed configuration. Recall
that the algorithms concerning configurations actually retrieve all cloud and flock poly-
nomials of all intervals in the lattice of essential flats of the corresponding matroids.
Contrary to configurations, this is not possible for condensed configurations, since gen-
erally a condensed configuration does not exactly know which intervals appear in the
lattice of essential flats of the matroid. But we will be able to retrieve average cloud and
flock polynomials. Using the condensed configuration corresponding to a condensation

P of a matroid M we will for example be able to compute

Y e(MY/X, ;%)

YeC
XcYy

for B,C e P, B<p C' and X € B. These average cloud and flock polynomials then suffice

to compute the rank generating polynomial.

Definition 2.21. Let M be a matroid and P a condensation of Z(M). For B <p C we

recursively define

c¢(P,B,C;x) =wp(B,C)cuy,r(x) -dg(S(B,C)) and
£(P,B,Csy) = wp(B,C) funr(y) - dy (5(B,C)), for
S(B,0) =3 c(P,D,C;x) (P, B, D;y)
D
where D ranges over [B,Clp-{B,C}, n:=|Y|-|X|and r :==1p,(Y) -1as(X), for X ¢ B
and Y e C.

Lemma 2.22. In the notation of Definition 2.21 we choose representatives Rg € B for
all BeC. Then for all B,C € P with BcC

c(L,B,C;x) = ZC(M|Y7 Rp;x) and
YeC
RpcYy

i(L7B7Cay) = Ef(M/RBay_RBay)

YeC
RpcY
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28 Essential flats and the rank generating polynomial

Notice that this implies that the right hand sides are independent of the choice of Rp € B.

Proof. We proof this by induction over the height of [B,C]p. As per definition
c¢(P,B,C;x) =w(B,C)cuy,r(x) -dg(S(B,C))

where

S(B,C) = ¢(P,D,C;x){(P,B,D;y)
D

and D ranges over [B,C|p—-{B,C}.

If [B,C]p={B,C} then S(B,C)=0and M|Y/X 2 U,,, for all X ¢ B and Y € C with
X cY, and the claim follows.

Otherwise, since for all D, [D,C]p and [ B, D]p have lower height than [B, C]p, we can
apply induction and get

S(B,C)=Y. > c(M|Y,Rp;x) Y. f(M/Rp,Z - Rp;y)
D YeC ZeD
RpcC RpcZ

=5 S [f(M/Rp,Z - Rp;y) Y. ¢(M|Y, Rp;x)].
D ZeD YeC
Rpc RpcC

N

By induction the rightmost sum is independent of the choice of Rp, so

=3 2 [0M/Rp. 2~ Ruiy) 3, (MY, Z:)]

ZeD YeC
Rp<Z zcC
=3 > > «(M|Y, Z;x) {(M/Rp, Z - Rg;y).
D ZeD YeC
RpcZ ZcC

The three sums range over {(Z,Y)|Z € Z(M),Y € C with Rp ¢ Z ¢ Y} and can hence

be rearranged to

=Y > (MY, Z;x){(M/Rp,Z - Rg;y),
YeC 7
RpcYy

where Z € [Rp,Y]z(mr) - {RB,Y}. Applying this to c(P, B, C;x) yields

c(P,B,C;x) =w(B,C) ey, (x) —de( Y. D (MY, Z;x)f(M/Rp,Z - Rp;y))

RYECCY 7Z
=3 [ctng(x) = de( Y c(MY, Z;x) £(M/Rp, Z - Rp;y))].
YeC A

RpcY
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By Corollary 2.17 and the definition of n and r this is

= Z c(M|Y, Rp;x).
YeC
RpcY

The statement for the flock polynomial follows analogously. O

Corollary 2.23. In the notation of Lemma 2.22

S(M;x,y) = Y. ¢(P,B,1p;x)£(P,0p, B;y),
BeP

where 1p ={E(M)} and 0p = {@}.

Proof. By Lemma 2.22

>, (P, B,1p;x)f(P,0p, B;y) = >, > c(M[Y,Rp;x) ) £f(M, X;y)
BeP BeP Yelp XeB
RpcYy X

= > > > o(M]Y,Rg;x) £(M, X3y).
BeP XeBYelp
RpcY

Using the independence of choice of Rp € B

= > > 2 (MY, X;x) f(M, X;y),
BeP XeB})’(ecl{/:

and since 1p = {€(M)} this yields

Yoe(M,X;x) (M, X;y)
BeP XeB

=S(M;x,y).

O]

The condensed configuration is constructed to contain all necessary information for the
computation of ¢(M,B,C;x) and f(M,B,C;y). So we are finally able to state the

algorithms.

averageCloud:

Input: A condensed configuration Z = (L,n,r,w) and B,C € L with B < C.

Output: If Z is the condensed configuration of a matroid M corresponding to a con-

densation P with bijection ¢ : P — L then:

c(P,¢7N(B), ¢ (C);x)
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30 Essential flats and the rank generating polynomial

Algorithm:

1.) Set n:=n(C)-n(B), r:=r(C)-r(B).

2.) Calculate S := ¥ paverageCloud(Z, D, (C)averageFlock(Z, B, D),
where D € [B,C]. - {B,C}.

3.) Return w(B,C) cuy »(x) — dx(S).

averageFlock:

Input: A condensed configuration Z = (L,n,r,w) and B,C € L with B <y, C.

Output: If Z is the condensed configuration of a matroid M corresponding to a con-

densation P with bijection ¢ : P — L then:

f(P,¢""(B),¢ " (C);y)

Algorithm:

1.) Set n:=n(C)-n(B), r:=r(C)-r(B).

2.) Calculate S := ¥ paverageCloud(Z, D, ()averageFlock(Z, B, D),
where D € [B,C| - {B,C}.

3.) Return w(B, C) fu,+(y) - dy(5).

RankGeneratingPolynomial:

Input: A condensed configuration Z = (L,n,r,w) of a Matroid M.
Output: S(M;x,y), the rank generating polynomial of M.

Algorithm:

Return Y y averageCloud([X,1;]z)averageFlock([0, X ]z), where X € L.

The correctness of the algorithms follows from Lemma 2.22 and Corollary 2.23.
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Chapter 3

Examples and Implementations

3.1 Perfect matroid designs

A matroid is a perfect matroid design (PMD) if all flats of a given rank 7 have the
same cardinality k;. In [6] it was shown that the rank generating polynomial of a perfect
matroid design only depends on those k;. In this section we will see how to recover the
condensed essential flat configuration of a perfect matroid design from the k; as well.
Since the rank generating polynomial only depends on the condensed configuration, this

yields an alternative proof.

Definition 3.1 (Perfect matroid design). A matroid M of rank r is a perfect matroid
design if the cardinality of all flats of rank ¢ is k; for i = 0,...,r and suitable k; € Zyg.
We then describe M as a PMD(ko, ..., k).

Remark 3.2. In a PMD(kq, k1, ..., k), ko is the number of loops and k1 the size of the
parallel classes. By deleting the loops and identifying elements in parallel classes we
obtain a PMD(0,1,...,(k, — ko)/k1). So usually we assume ko =0 and &y = 1.

Example 3.1. (c¢f. [2] for a comprehensive overview)

1.) The vector matroid consisting of all elements in Fy is a
PMD(17 q? q2’ R 7qn)'
By passing to the projective space IP’(IF;‘) we obtain a

PMD(0,1,(¢* +1)/(g—1),....(¢" - 1)/(g - 1)).

2.) From a condensed configuration of a matroid M one can decide whether M is a
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perfect matroid design, since the cardinality and rank of all flats in M can be determined

by the cloud polynomials of its essentials flats.
We will now construct a condensed configuration for a perfect matroid design. We note
that

Theorem 3.3. Let M be a PMD(ky,...,k,) and B; the set of all flats of rank i. Then
for oll R in B;

Ik —k
(X eBj|Re X} =[]
n=i ki = kn
Proof. C.f. [6]. O

So after removing all flats which are not essential we can construct a condensed config-

uration.

Remark 3.4. Let M be a PMD(ko, ..., k), ko =0, k1 = 1 and B; the set of all flats of rank
i. Then B; consists of essential flats iff k; > k;_1+1. Solet I :={ie{0,...,7}|k; > ki—1+1}.
Then P := {B;|i € I} is a condensation of Z(M), the set of essential flats in M, and a

condensed configuration (I,n,r,w) of M is given by

n(i) = kj,
r(i) =14 and
Ik — ki,
w(i,j) =T —
n=i ki = kn

This yields another proof for the theorem in [6].

Corollary 3.5. The rank generating (TUTTE) polynomial of a PMD(ko,..., k) is al-
ready determined by the k;.

Since we can actually compute average cloud polynomials, we know the cardinality and
rank of all flats which have to appear. This yields a new way of excluding the existence

of certain perfect matroid designs.

3.2 Matroids induced by root systems

In this section we study matroids induced by root system with respect to their essential

flats and rank generating polynomials.
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Definition 3.6 (Root system). A root system @ is a a finite configuration of vectors,

called roots, in an Euclidian space (V, (, )) fulfilling
1. (P =V,

2. for all @ € ®, ® is invariant under o, the reflection through the hyperplane or-

thogonal to «,

3. for all e @, (a)g NP = {a,—a} and

4. (a,B) = QEgg; € Z for all a, B € ®.

The group W < O(V') generated by the reflections o, a € ®, is called the WEYL group
of .

Root systems are classified by their DYNKIN diagrams, i.e. a graph encoding («, ) and
length information for a all «, 8 in a basis of the root system. For precise definitions
and the classifaction c.f. [11]. Like every finite configuration of vectors, a root systems
® can be regarded as a matroid, which is highly symmetrical since the WEYL group of
® embeds in its automorphism group. Furthermore the essential flats of the matroid
correspond to the root systems contained in ® which have no direct summand isomorphic

to Aj, the trivial root system {a, —a}.

3.2.1 The root system A,

Let [ > 2. We want to compute the rank generating polynomial of the root system
Apy={eijeV]izj}cV =R,

where e; j == €¢; —e; and {e;} is an orthonormal basis of V. To avoid parallel classes we

only consider the set of positive roots w.r.t. to the basis {e; 41} namely
ALy ={eij e Vi <}

Let M := M[A] |]. Then Aut(M) =S}, where o.¢; j := £€,(;) +(;) for o € S;. Our goal is
to compute all Sj-orbits of essential flats of M and their cloud and flock polynomials.

The orbits of essential flats can be parameterized by

Pi={A=(\,...,A) eN*[ Ay - > A\, >2and Y A <1}
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For A= (A1,...,)s) € P let

S
Ry:=H{eijli<jyi,je{M++Xr+1,., A+ + A\,
k=1

where the empty list () € P and R() = @. Then

Z(M) =4 Si.Ry
AeP

Let A= (A1,...,A) € P, A=, A, {1, ., A} = {ip, ..., A, } for Ay, pw. distinct and
pi; the multiplicity of A;; in A. Then

MRy = @ M[A},_,)

|R)\| = Z();),

ra(Ry) = Z()\z’ -1),
Stabg, (Rx) 2 S;_x x XS, ZSMJ- and
j J

n!

1S).Ry| = —— S
(l—)\)'H]()\Z]')'LLJ,u”'

Now the flock polynomial of a direct sum is the product of the flock polynomials of the

summands and hence
f(M,RA;Y)=I;If(M[AL_1],5(M[ N1y,
which can be computed recursively for all A # (I). The cloud of R) is
et ({RA}) = {Rx U {ei, 1y €inim } A <ip < i <1,and the {iy,jr} pw. disjoint}.

Hence the cloud polynomial of Ry in M is

o (AR () ear () k)
C(M,R)\,X)—%( o )W.’L’ M MASEA .
We can now compute the flock polynomial of £(M) = R(;), the ground set of M, accord-

ing to Lemma 2.16:

f(M,E(M);y) = fu(é),l_l(}’) —dy[ D181 Ralc(M, Ry;x) £(M, Ry;y)].
AeP
A£(),(1)
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The rank generating polynomial of M is

S(M;x,y) = Y. |Si.-Ra|c(M, Ry;x) £(M, Ry;y).
\eP

As an example we compute the rank generating polynomials for some I.

Let 1 =3. Then P = {(),(3)} and M[A3] = Uy 3 and for the rank generating polynomial
cf. Example 2.2.

Let [ =4. Then P ={(),(3),(4)} and

c(M[A3],R¢;x) = x® +6x? +3x°
f(M[A3], R(ysy) =1

c(M[A3], R(3);x) = x
f(M[A3], R(3);y) =3+y
c(M[A3], Ray;x) =1

and via Lemma 2.16

f(M[A?J:]v R(4)§ y) = fuze(y) - dy[X3 +3x° +4x(3 + y)]
=16+ 15y +6y* +y°.

Hence the coefficient matrix of S(M[A3];x,y) is

16 15 6 1

15 4
6
1

Let 1 =5. Then P ={(),(3),(4),(5)} and

c(M[A}], R(y;x) =x" +30x” +15x°
c(M[A}], Reay;x) = x* +x
f(M[A}], R@z);y) =3+y
C(M[AZ])RM);X) =X
f(M[AL],
c(M[Ag],

Riyyy) =16+ 15y +6y° +y°
R(5);X):1

and again via Lemma 2.16
f(M[A3], Resysy) = 125+ 222y +210y° +120y° +10y* +y°.
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Hence the coefficient matrix of S(M[A}];x,y) is

125 222 210 120 10 1

110 8 30 5
45 10
10
1

3.2.2 The root system Fj

To construct another highly symmetrical matroid we start with the root system Eg ¢ RS.
Again to avoid parallel classes we take representatives for {3,-5} € Fg and consider the
matroid M := M[A], where A e R6*30 ig

111101101001000011010010001000101001
121111110001110011100011100001110010

A= 222112111101100021111011001100111100 ¢ RO*36
233222111102211021111022110011111100
22222111111111101111111111000000000°0
11111111111111110000000000000000000°0

The automorphism group is given by the reflections through the hyperplanes orthogonal

to the roots w.r.t. to the Gram matrix

2 0 -1 0 O
0 2 0 -1 0
-1 0 2 -1 0
0o -1 -1 2 -1
o 0 0 -1 2 -1
o 0 0 0 -1 2

o o o ©

The coefficient matrix of the rank generating polynomial is

846720 6102000 26665560 89442580
285120 1012122 2183580 3562785
54135 90252 88680 62100 31995 12060 3186 540 45

7020 4770 1620 270
630 120

36

1

The extreme exponents are (0,6), (1,4), (3,3), (2,8), (1,15) and (0,30). The essential

flats corresponding to the extreme exponents are in one G-orbit each and representatives
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are given by

Ry =@,
Ay = Ry = {2,7,24),
As = Ry = {7,14,16,18,25,27},
Da= Ry:=1{2,7,8,12,13,16,18,19, 23,24, 29, 36},
D5 = Rs:={1,2,4,5,7,8,11,14, 17,20, 21,23, 24, 26, 27, 28, 30, 31, 32, 36} and
Eg = Rg := 36.

We subtract the share of Ra,..., Rs from the rank generating polynomial of M. Then
the coefficient matrix of S(M;x,y) - X7, |G.R;|c(M, R;;x) f(M, R;;y) is

846720
76896
28080 48672 44400 25920 9720 2160 216
540
270
36
1

Representatives for the orbits of the essential flats corresponding to the new extreme

exponents (2,6) and (1,10) are

Ay = R%:={1,3,4,9,19,24,25,28,29,34} and
As = R¢ = {2,5,8,13,14,17,18,21,22,23,26,28,29,31,34}.

Proceeding this way we find one more orbit of 120 essential flats of rank 4
AglAs = RZ :={1,3,4,9,19,24,25,28,29, 34}.
Now let P := {Ry, Ry, R3, R4, RS, RS, Rs, R, R}, then

Z(M)= 4 G.R
ReP
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and we found all essential flats in M. We define w(R,S) = {X € G.S|R ¢ X}| for

R, S € P and obtain a condensed configuration

(R)Rrep = (3, A2, A3, Dy, Ay, Ay L Ay, D5, As, Eg),

1 120 270 45 216 120 27 36 1
01 9 6 18 2 9 6 1
00 1 2 4 0 5 2 1
O 0 0 1 0 0 3 01

(w(R,S))rser=l0 0 0 0o 1 0 2 1 1|,
0O 0 0 0 0 1 0 3 1
0O 0 0 0 0 0 1 01
0o 0 0 0 0 0 0 1 1
O 0 0 0 0 0 0 0 1

(|R)) rep = (0,3,6,12,10, 6,20, 15,36) and
(I“M(R))Rep = (0, 2,3,4,4,4,5,5,6).

3.3 Another matroid for the Mathieu group My,

Let G be the MATHIEU group Mss. The GOLAY code matroid M discussed in Exam-
ple 2.4 and 2.8 appears naturally in the representation theory of G. Over Fy the 24-
dimensional permutation module of G has a unique 12-dimensional submodule, which
yields M as a vector matroid. In this section we transform M into another G-transitive
matroid M which cannot be found in the representation theory of G. Recall that there

are 6 orbits of essential flats in M represented by

Ry =@,

Ry :={1,2,3,5,6,10,19,20},
Rs:={1,2,3,4,5,6,7,8,9,10,19,20},
Ry:={1,2,3,4,5,6,7,8,9,10,11,13,15,19, 20,21},
Ry :={1,3,4,5,6,7,8,12,13,14,17,23} and
R5:=24.

The orbits afford a condensation P of Z(M) (c.f. Example 2.7). The condensation P

is a lattice w.r.t. <p (c.f. Definition 2.21) with Hasse diagram
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39

{24}

G.|R4\

G.RS

G.R3

G.Ry

|
()

So the essential flats in G.Rj interact trivially with the others. We can hence remove

G.R{ from Z(M) and still obtain a matroid. Let

Z:=2(M)-G.Rj] and

=Tz

Then Z and r fulfill the axioms (Z1)-(Z4) from Theorem 1.32 and define a matroid M
with ground set 24. The matroid M is still self-dual with Aut(M) = Aut(M) = G.
The elements of G.R} are now bases in M and Z(M) = Z(M) u G.R%. Since trivially

P:= P-G.RY is a condensation of M, a condensed essential flat configuration (L,n,r,w)

of M is given by

(w(Bv C))B,CgL =

o o o =

0

759 35420 759

1
0
0
0

140
1
0
0

30
3
1
0

(n(B))per, = (0,8,12,16,24) and

(r(B))ger, = (0,7,10,11,12).

39
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And using the algorithms introduced in Chapter II we obtain the rank generating poly-

nomial of M given by its coefficient matrix

1893616 2071104 1870176 1295360 734712 346104 (%) - 1
2071104 1275120 425040 91080 12144 759
1870176 425040 35420
1295360 91080
734712 12144
346104 759

(4

The coefficients that differ from the rank generating polynomial of M are printed in

italics.

Since the the essential flats in G.Ry - which by the way are the blocks of the Steiner
system S(5,8,24)- already determine the matrix representation of M over Fy, M is not

Fo-representable anymore.

Another possibility is to remove the orbits of Rs, R3 and R4 from the set of essential
flats of the GOLAY code matroid. We denote the afforded matroid by M. Again M is
self-dual with automorphism group is Mas. The bases of M are all 12-element subsets

except for the orbit of R§. A condensed configuration (L,n,r, w) of M is given by

1 2576 1
(w(B,C))Bcer =0 1 1],
0 0 1

(n(B)) e, = (0,12,24) and
(r(B))Ber = (0,11,12)

The coeflicient matrix of its rank generating polynomial is

2701580 2465232 (7;) - 1
2465232 2576

(10)

1
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3.4 Implementations

In this section we will discuss the GAP[8] package ghost, an implementation of the
algorithms introduced in Chapter 2 Section 4 for the computation of the rank generating

polynomial from a condensed essential flat configuration.

3.4.1 The GAP package ghost

In the GAP package ghost we implemented a data structure and the most important
operations for lattices. So one can define a lattice by the adjacency matrix of its order

and ask for the top (one) and bottom (zero) of a lattice or construct an interval.

gap> L := Lattice( [[1, 1, 1, 1],
(o, 1, o, 11,
(o, o ,1, 17,
[0, 0, 0, 111 );;

gap> One( L );

gap> Zero( L ):

gap> LInterval := Lattice( L, 2, 4 );
gap> Display( AdjacencyMatrix( LInterval ) );
(1, 11,

[0, 111

We realized condensed essential flat configurations as lattices with additional cardinality,
rank and weight functions. One can input a condensed essential flat configuration Z =
(L,n,r,w) by a matrix (w(R,S))r,ser, and two lists (n(R))rer, and (r(R))ger. We

input the condensed essential flat configuration from Example 2.5:

gap> w := [[1, 2, 1],
[o, 1, 11,
[0, 0, 111;;
gap> n := [0, 3, 6];;
gap> r := [0, 2, 3];;
gap> Z1 := CondensedConfiguration( w, n, r );;

We exemplary show the implementation of the algorithm for the flock polynomial:
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AverageFlock := function( conf, lower, this )

local sum, ret, i, rank, cardinality, weight;

weight := WeightFunction( conf );
rank := RankFunction( conf );

card := CardinalityFunction( conf );

# Check whether this average cloud polynomial has already been computed
if IsBound( conf!.flocks[lower] [this] ) then

return conf!.flocks[lower] [this];
fi;

#Calculate the sum of the intermediate cloud and flock polynomials
sum := O;
for i in GroundSet( Lattice( conf, lower, this ) ) do
if not( i = lower or i=this ) then
sum := sum + AverageFlock( lower, i ) * AverageCloud( i, this );
fi;
od;

#Calculate the average flock polynomial
ret := weight( lower, this ) * FU( card( this ) - card( lower ),
rank( this ) - rank( lower ) )
- DeltaY( sum );

#Save it

conf!.flocks[lower] [this] :=ret;

#Return it
return ret;

end;

Here the functions DeltaX and DeltaY are the polynomial operators dy and dy and FU(
n, r ) is fu,,(y). Note that already computed average cloud and flock polynomials
will be saved. This dramatically increases the speed of the algorithms since the average

cloud and flock polynomials of the same intervals will be invoked multiple times during

one calculation. The algorithm for the rank generating polynomial is now implemented

easily:

RankGeneratingPolynomial := function( conf )

return Sum( List( GroundSet( conf ),
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r -> AverageFlock( Zero( conf ), r ) *

AverageCloud( r, One( conf ) ) ) );

end;

We return to Example 2.5:

gap> S := RankGeneratingPolynomial( Z1 );;
gap> DisplayBivariatePolynomial( S );
[r 18, 15, 6, 11,
[ 15, 21,
[ 61,
L

111

and once more consider the Golay code matroid:

gap> w := [ [ 1, 759, 35420, 2576, 759, 117,
[ 0, 1, 140, o, 30, 11,
[ 0, 0, 1, o, 3, 11,
[ 0, 0, 0, 1, 0, 117,
[ 0, 0, 0, o, 1, 117,
L 0, 0, 0, 0, 0, 11155
gap> n := [ 0, 8, 12, 12, 16, 24 1;;
gap> r := [ 0, 7, 10, 11, 11, 12 ];;
gap> ZGolay := CondensedConfiguration( w, n, r );;
gap> S := RankGeneratingPolynomial( ZGolay );;
gap> DisplayBivariatePolynomial( S );
[ [ 1391040, 2071104, 1870176, 1295360, 734712, 346104,
42504, 10626, 2024, 276, 24, 11,
[ 2071104, 1277696, 425040, 91080, 12144, 759 1,
[ 1870176, 425040, 35420 1,
[ 1295360, 91080 1,
[ 734712, 12144 1,
[ 346104, 759 1,
L 134596 ],
L 42504 1],
L 10626 ],
[ 2024 ],
[ 276 1,
L 24 1,
[ 111

134596,
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One can also convert a perfect matroid design into a condensed essential flat configura-
tion. So for instance the rank generating polynomial of the matroid P(F3), which is a
PMD(0,1,3,7,15), can be computed by:

gap> ZP24 := CondensedConfigurationByPMD( [ O, 1, 3, 7, 15] );
gap> S := RankGeneratingPolynomial( ZP24 );;
gap> DisplayBivariatePolynomial( S );

[ [ 840, 2688, 4900, 6420, 6435, 5005, 3003, 1365, 455, 105, 15, 117,
[ 420, 525, 315, 105, 151,
[ 105, 35 1,
[ 1517,
[ 111

3.4.2 Runtime analysis

The actual runtime of the algorithm for the computation of the rank generating poly-
nomial from a condensed essential flat configuration Z = (L,n,r,w) depends not only
on the lattice L but also significantly on n, r and w, since they determine how large
the polynomials in the computation in terms of their degree and coefficients will get.
But if we consider polynomial operations in O(1) and disregard the lookups for already
computed flock and cloud polynomials, the algorithm is linear in the number of intervals
in the lattice L and hence quadratic in its cardinality.

First we will revisit some examples and list the runtimes for the given matroids M with

condensed essential flat configurations Z = (L, n,r,w).

M ‘ |M]| ‘ rank M ‘ |L| ‘ runtime
Golay | 24 12 6 10ms
Es 36 6 9 36ms
Mg, 36 14 | 506 3min

Here the Mg, matroid is a highly symmetrical matroid which consist of certain elements
in Q[S4]. To see the impact of the rank and cardinality of the matroid on the runtime

we study the matroids P(Fy;) from Example 3.1 which are

PMD(0,1, (¢ - 1)/(¢=1) ..., (¢" - 1)/(g - 1)).

At first we consider a series of matroids P(F 3), where ¢ is a power of a prime:
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q \P(F‘ql) | | runtime
q=2 15 4ms
q=4 85 13ms
q="T 400 76ms
q=9 820 243ms

qg=11 1464 820ms
qg=13 2380 | 1807ms
q=16 4369 | 10020ms

Note that the lattices of their condensed essential flat configurations are pairwise isomor-

phic but still the runtime drastically increases for larger ¢ due to the larger coefficients

in the polynomials occurring in the computation; the sum of all coefficient in the rank

generating polynomial is 2Pl At last we consider the series P(F3), where the lattice

and the coefficients are both getting larger.

n | [P(F%)| | runtime
n=4 15 10ms
n=06 63 36ms
n=8 255 273ms

n =10 1023 | 2434ms
n=12 4047 | 38780ms
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Isomorphism
Lattice, 6
Matroid, 4
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Symbols

Let M be a matroid and L be a lattice.

Symbol

Or

1z

[z, y]L
M|X
M/X

M

c(M)
c(M, X;x)
Clinr (x)
clys

dy, dy
£(M)

€M

f(M, X;y)
fu, - (y)
T(M)

9%
S(M;x,y)
T(M;x,y)
Urn
Z(M)

Description

bottom or zero of L

top or one of L

interval between = <j, y

restriction of M by a set X in M
contraction of M by a set X in M

dual matroid of M

family of circuits of M

cloud polynomial of an essential flat X in M
cloud polynomial of the empty set in U,., (for r <n)
closure operator of M

polynomial operators

ground set of M

essentiality operator of M

flock polynomial of a flat X in M

flock polynomial of the ground set in U,.,, (for r <n)
independent sets of M

rank function of M

rank generating polynomial of M

TUTTE polynomial of M

uniform matroid of rank r on n points

lattice of essential flats of M

Page

= ok W W oy ot Ot

22

22

12
22

11
11






Bibliography

1]

Joseph E. Bonin and Anna de Mier. The lattice of cyclic flats of a matroid. Ann.
Comb., 12(2):155-170, 2008. ISSN 0218-0006. doi: 10.1007/s00026-008-0344-3.
URL http://dx.doi.org/10.1007/s00026-008-0344-3.

Peter J. Cameron. Polynomial aspects of codes, matroids and permutation groups,
2002.

Wilhelm Plesken and Thomas Béchler. Counting polynomials for linear codes, hy-

perplane arrangements, and matroids. Documenta Mathematica, 19:285-312, 2014.

W. Kook, V. Reiner, and D. Stanton. A convolution formula for the Tutte poly-
nomial. J. Combin. Theory Ser. B, 76(2):297-300, 1999. ISSN 0095-8956. doi:
10.1006/jctb.1998.1888. URL http://dx.doi.org/10.1006/jctb.1998.1888.

Wilhelm Plesken. Counting with groups and rings. J. Reine Angew. Math., 334:
40-68, 1982. ISSN 0075-4102. doi: 10.1515/crll.1982.334.40. URL http://dx.doi.
org/10.1515/crll.1982.334.40.

Eunice Gogo Mphako. Tutte polynomials of perfect matroid designs. Com-
bin. Probab. Comput., 9(4):363-367, 2000. ISSN 0963-5483. doi: 10.1017/
S0963548300004338. URL http://dx.doi.org/10.1017/30963548300004338.

Ken Shoda. Large Families of Matroids with the Same Tutte Polynomial. PhD
thesis, The George Washington University, August 2012.

GAP. GAP - Groups, Algorithms, and Programming, Version 4.7.4. The
GAP Group, 2014. URL http://www.gap-system.org.

James Oxley. Matroid theory, volume 21 of Ozford Graduate Texts in Mathematics.
Oxford University Press, Oxford, second edition, 2011. ISBN 978-0-19-960339-8.

Wilhelm Plesken. Computeralgebra. Skript zur Vorlesung Computeralgebra, Som-

mersemester 2009.


http://dx.doi.org/10.1007/s00026-008-0344-3
http://dx.doi.org/10.1006/jctb.1998.1888
http://dx.doi.org/10.1515/crll.1982.334.40
http://dx.doi.org/10.1515/crll.1982.334.40
http://dx.doi.org/10.1017/S0963548300004338
http://www.gap-system.org

[11] Nicolas Bourbaki. Lie groups and Lie algebras. Chapters 4—6. Elements of Math-
ematics (Berlin). Springer-Verlag, Berlin, 2002. ISBN 3-540-42650-7. Translated
from the 1968 French original by Andrew Pressley.



Acknowledgments

I would like to express my deep gratitude to Prof. Dr. Wilhelm Plesken for having
an open door for me at any time and for providing me with an interesting and fruitful
subject. I would also like to thank all the people at LEHRSTUHL B for their willingness
to answer any of my questions. Finally, I wish to thank my family for all their support

and encouragement throughout my study.






Erklarung

Hiermit versichere ich, dass ich diese Arbeit selbststédndig verfasst und keine anderen als

die angegebenen Quellen und Hilfsmittel benutzt habe.

Aachen, den 26. Marz 2014 Jens Niklas Eberhardt



	Contents
	Preface
	1 Matroids, lattices and essential flats
	1.1 Matroids
	1.2 Lattices
	1.3 Essential flats

	2 Essential flats and the rank generating polynomial 
	2.1 Flocks, clouds and the rank generating polynomial.
	2.2 Using the rank generating polynomial to find all essential flats
	2.3 Essential flat configurations
	2.3.1 The essential flat configuration
	2.3.2 From a configuration to the rank generating polynomial

	2.4 The condensed essential flat configuration
	2.4.1 The condensed essential flat configuration
	2.4.2 From a condensed configuration to the rank generating polynomial


	3 Examples and Implementations
	3.1 Perfect matroid designs
	3.2 Matroids induced by root systems
	3.2.1 The root system Al
	3.2.2 The root system E6

	3.3 Another matroid for the Mathieu group M24
	3.4 Implementations
	3.4.1 The GAP package ghost
	3.4.2 Runtime analysis


	Index
	Symbols
	Bibliography
	Acknowledgments
	Erklärung

